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Abstract. Thefunctionalintegral for thequantizationof thecoadjointorbits ofthe
unitary andorthogonalgroups is given by meansof an explicit constructionofthe
corresponding~Darbouiø>variables.

INTRODUCTION

In this paperwedescribeamethodfor thequantizationof theHamiltonianactionof
compactgroupon its coadjointorbit. In thespirit of themethodof orbits[1,2] thisquan-

tization is supposedto give thecorrespondingrepresentationof thegroup. Ourmethod
is basedon thefunctional integralform of thematrix elementsof the representation.

Thesimplestcaseof thegroup SO( 3) was consideredbefore[3]. Weshallpresent

it in the introductionto illustrate the underlyingideasof our generalapproach.In the

maintext weshallconsiderunitaryandorthogonalgroups.Symplecticandexceptional

casescanbetreatedin analogouswayand weplanto presenttheexplicit formulasin a
separatepublication.

The main technical problem in the generalizationof the SO( 3) exampleto the

higherrankcaseconsistsin findingthe<<Darbouxvariables>>for thecanonicalsymplectic
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formon theorbit. Wedescribethederivationof suchvariablesfor unitaryandorthogo-

nal casesin §1 and §2, correspondingly.In §3 weusethemto evaluatethefunctional
integralby reducingitto finite-dimensionalone.

Theconditionof quantizationof theparametersof theorbit [1,21 isusedin anatural

way in our formalism. Indeed,it allows to satisfytherequirementof single-valuedness
of theexpressionexp{i x action}.

Weprovethat the representationobtainedby our methodcoincideswith that asso-

ciatedwith the orbit by an explicit evaluationof its character. Of course the matrix

elementsand thecharacterarecalculatedfor the action of a chosenCartansubgroup.
This subgroupis associatedin anaturalway with thechoiceof theDarbouxvariables.

Now let us considerthe illustrativecaseof the group SO( 3). Its orbits arerealized
asspheresS2 parametrizedby their radius. It is convenientto usefor thebeginning

coordinatesz~, , ~(x’)2 = m2. The symplecticform Q is given by

(1) = ‘~abCzadzbd~c

2m

Functions za correspondto the generatorsof SO( 3) with thePoissonbrackets

{ ~a zb} ~abc~c

Quantizationconditionfororbitsleadsto therequirementthat m is an integeror ahalf-

integer.TheDarbouxvariablesaregiven by thesphericalcoordinates

msin 9 cos ~ ~2 = msin e cos ~ = msin cos 9,

sothat

= md~dsin 0.

The 1-form w = —d —~l,necessaryto definethe action,is notsingle-valued,because

~ is notanexact2-form. If wechoose

w = (‘y + m cos 0)d~

thentheactionof the path

~=~(t),0=9(t), O<t<T,

is givenby

fT

(2) S~= m I cos Od cc + ‘y / d cc~
Jo Jo
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For infinitesimalclosedcontoursaroundthe singularpoints 0 = 0, it this action is
givenby 2 ir( ‘~±m) sodoesdo notcontributeto the exp{i x action for integervalues

of m±’-y.Thuswecanchoose‘,‘= 1/2 if m isahalfintegerand1=0 if m isan
integer.

Theexpressionfor thematrix elementof theoperatorexp{—iz3T} will betakenin

theform

(3) G(cc’,cc” = (ccdcie~
3TIcc~)= ffld~Xt)dcc(t) exp{iS},

where 77 = C05 0,

(4) S= / (m,~—h)dt+
1I ç~dt=S0—I hdt

Jo Jo Jo

and h = = m cos 9. Herethe trajectories~j(t), cc(t) (over which we sumthe
function exp{i x action}) aresubjectto the condition

cc(O) = cc’~ cc(T) = cc” + 2irn

for any integern.

Altemativly, this matrix elementcanberewrittenasa sum

(5) G(cc’,co”) = ~Go(cc’,cc”+2irn),

wherethematrix elementC01 (cc’, cc”) is givenby the samefunctionalintegralbutwith
fixed boundaryvaluescc(O) = cc’~cc(T) = cc”. Thevariables i7(t) havevaluesin the
interval —1 <77< 1, whereascc(t) runsoverthewholerealaxis —oo < cc(t) <co.

Thefollowing commentsto this definitionare appropriate:
1. Expression(3) essentiallycoincideswith thegeneralformulafor the functional

integralon thephasespacewith thechosen<<coordinate-like>>variables[seeformula4].
Theroleof coordinatesis playedby cc in our case.The differencewith theusualcase

of linearphasespacein that ourphasespaceis compact.

2. ThephasespaceS
2 is replacedbythestrip —l <77< 1,—co<cc < cx which

isacoveringofthecylinder—l <77< 1,0 <cc < 2ir i.e. ofthespherewithtwo

deletedpoints,which correspondto the singularitiesof our coordinatesystem. It is a
commonwisdomin quantummechanicsthat one has to use the coveringspacein the
functionalintegral.

3. Thesummationin (5) isanaveragingoverthecorrespondingdiscretefundamental
group,restoringtheperiodicity ofthe matrix element<cc”~exp{—iz3T}Icc’>
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After thesecommentswe shall calculatethe pathintegral, using its definition by

meansof the finite dimensionalapproximation.Wehave

G0(çc’,cc”) =

= lim( .±...)1’~f fJd 77td ~

(6) cco = cc’, ccN = cc~

wherethenumberof integrationsover i~exceedsby onethat cc~Integralsover c°give
8-functionswhichcanbeintegratedover~1— ~. As a resultwe obtain

Co(cc’,cc”) =

= 1 f1 d
77e~m~”,w’_T)1”,~’)=

2ir 1

(7)
— 1 [. e1m~0”_b0’_T) eim”_b0’~T)

— ~ [m(cc”— cc’ — T) — m(cc” — cc’ — T)

eu1”~’).

We cansaythatthewholefunctionalintegralis givenby the contributionof the <<semi-
classicaltrajectories>> 77(t) = 17.

To performtheaveraging(5) we areto choosetheregularizationfor the infinite sum

2irn+ c°”— cc’ — T~

We shallusethefollowing regularizations

±i�2irn ±~ia

(8) S~=lim~ e =
c—.O 2irn+ o~ sin

andassociateS~with the first termin (7) and S with thesecond.As aresultweshall
obtain

C(cc’,cc”) =

= —~—- e”~”~ sin(m+ ~.-)(cc”,cc’ — T) =

(9) 2ir sin cc”,cc’ — T)

= ~— e’~”~”~~ etm~”~_T).
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1. DARBOUX VARIABLES FOR THE UNITARY GROUP

In this sectionweshallreducethesymplectic2-formon thecoadjointorbit SU( n)

tothemanifestlycanonicalform,convenientfor thefunctional integral.
In whatfollows weshalluseanaturalidentificationofcoadjointorbitswith theadjoint

ones.Thepointof theorbit hastheform

(12) M = gM0 ~

where g E SU(n) and M0 is a fixed antihermitiantracelessmatrix. The symplectic

form ~ canbewritten in theform

(13) = ~-trMYY,

wherethe 1-form Y with the valuesin theLie algebrasatisfiestheequation

(14) dM=[Y,MI

and tr is theKilling-Cartan form. It is clear from (12) that Y = dg . g~solvesthis
equation;differentchoiceof solutionleadsto thesameexpressionfor Q.

Weshallfind explicit coordinatesinwhich ~ hastheDarbouxform. Let et,..., Cls

beanorthogonalset of eigenvectorsof matrix M0 with eigenvalues2 jim1,..., 2 im~

m1>...�m~and

(15) a
1 = ge’.

Formulae(13)and (15) imply that ~l canbewritten as

= —dcv,

(16) c~=

whereweusethecomplexscalarproduct.

If thecomplexvariables a~were independent,the form f~would be given in ex-
plicitly canonicalform in thelinearphaseof realdimension2 ~ which we shallcall

auxiliaryspacein thefuture. However,thevariablesa~aresubjectto theorthonormal-
ity constraintof

(17) (a’,a’) — 6” 0

Thismeansthat(16) is still notof thedesiredform and onemustmakeareductionwith
respectto theseconstraints[4].
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The constraints(17) arenaturallydivided into two setsof thefirst andsecondclass.

The first setconsistsof the constraints

(18) = (a~,a~)— I = 0

Indeed,their Poissonbracketson theauxiliary spacevanish. Moreover,the constraints

cc1 commutewith thecoordinatefunctions lvi,, definingtheorbit. Thismeansthat

{cc~,f(M)}= 0

for any functionon theorbit.
The constraints ‘pu, i ~ j areof the secondclassin thegenericcaseof distinct

eigenvaluesm1. Indeedwe have

(19) {cc~J,cck1}I~=O= j6~
16i~~(...~....—

andthis matrixisnondegeneratein thesubspacei ~ j,k ~/ 1. Thusthedimensionofthe
physicalphasespace,i.e. thedimensionof theauxiliary spaceminustwicethenumber

of 1-st classconstraintsminusthenumberof 2-ndclassconstraintsis givenby

2fl22fl2~~ =n2—n.

This numbercoincideswith the dimensionof the maximal (nondegenerate)orbit
givenby the dimensionof the group minusits rank. This meansthat the Hamiltonian

reductionof the form (16) with respectconstraints(17) leadsto theKirillov form onthe

orbit. The explicit reductionis realizedby introductionof supplementaryconditionsin
quantityequalto that of 1-st constraints,so that the matrix of all Poissonbracketsof
constraintsandsupplementaryconditionsis nondegenerate.Theconditions

(20)

where a, is the last componentof a’ in a fixed basis,servethis purposeat a generic
point. Indeed,wehavethefollowingPoissonbracketson theauxiliary space

6ik 6jk
(21) {x

2,x’}= 0,{cc~,x’~}= i—a’,, + i—li’~.

The lastmatrix in nondegenerateon the subspace i
11 j (if Re as,, ~ 0) which is

sufficientforour statement.
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Now, the form weare looking for is that inducedby ~l on thesubmanifold cc~1=
= 0. Our aim isto find explicit canonical(angle-action)variablesfor it. Making use

of x’ = 0 wecanrewrite a intheforni

(22)

where a~areprojectionsof a~C ontothe subspaceorthogonalto thelastbasicvector.
In canbeshownthat this projectioncanbe written as

(23) aI =

withsomemovingorthogonalframe e’~in this subspaceandrealcoefficients~ con-

stitutinga rectangularmatrix C. Thelastconditionleadsto cancellationof termswith
d CkP in a which takesthe form

n n—I n—

1

(24) a= ~ ~ >m” CkP CkQ[(ei de’) —h.c.].
k~=1 p=l q~l

Thematrix C satisfiesthenormalizationcondition

(25) (a~,a~)= C’~C’~’= 6” — a’~a~,;

alongwith the condition ~ (a~,)2= 1 it implies that theeigenvaluesof thematrix

M’ withmatrix elements

(26) = ~

varyin thedomain(see[9])

(27) m
1�m~�m1~1

Dueto itsreality it canbediagonalizedby arealorthogonaltransformationwhichcanbe

absorbedintothechoiceof matrix C This meansthat theform a now takesthe form

(28)

where e~are h — 1 orthogonalvectors.Parametrizinge~as follows

= ~ Ima~= 0,
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weget

(29) a= ~m~dcc~+ ~ —h.c.].

Now thesecondterm in RHS of (29) looksexactlyas (16)with the only changen

n—1. Wecanrepeatour procedureoncemoreandsoon. Finally, wegettheexpression
wewere looking for

(30) a= ~m~dco~+ !>m~+ ...+ md~~”.

Here cc are anglevariables,0 <cc <2 it, and thedomainof m~ is determinedby

ourrecurrentprocedureof descent

(31) m~~1)~ m~ ~ ~

It is certainly worth mentioningthat thesecoordinatesconstitutethe classicalanalog

of theGelfand-Zeflintable with parametersof orbit m1,..., m,, giving the first line.
In a differentcontextthey were introducedin [10], howevertheir connectionwith the

symplecticstructureon theorbitswas notdiscussed.

In the courseof deriving the final result(30)by meansof the hamiltonianreduction
wereferredseveraltimestothe genericsituation.In particular,matrix in (21)is singular
when Rea, = 0 and reductionis to be continuedin this case. This meansthat the

coordinates(m~,~ which over the manifold fi ~ x ~ where ~ is
polyhedron(31) and T-torus, are coordinateson the orbit with some <<singular>>set
beingdeleted.The action which we introduceon theorbit in §3 is unsensibleto this
deletionmod 2 ~r.

2. DARBOUX VARIABLES FOR THE ORTHOGONAL GROUP

TheLie algebraSO(n) is generatedby realantisymmetricmatrices =

The pointof theorbit is givenby

(32) M = gMogT,

whereg E SO(n) and M0 canbetakenin theform

0m1 0
—m10 0

(33) MPF= ... , n 2r,

0 Omr0 —mr0
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or

0m1 0
—m10 0

n=
2r+l,

0 Om~ m, ~ m
2... � m~

0 —m~0

0

Weseethat the orbitis parametrizedby thenumbersm1,..., mr (where r = [n/2]
is therankof the algebra)which canbe takenpositive if n = 2 r + 1, and all but one

positiveif n = 2 r.
Let ft,... , f2~bea setof orthonormalvectorssuchthat

= —mkf2k,

MpFf2k = —mkf2kl.

Thenusingthenotation

gf2,~_i = gk, 9f~= Pk,

wehave �~= —da, where

(34) a= ~~m~[(pk,dqk) _(qk,dpk)]

andnow our scalarproductis real.
Therealvariables(p, q) spantheauxiliary spacewithdimension2 rn, andtheform

a mustbe obtainedfrom (34) by hamiltonianreductionwith respectto constraints

= (~kp1) — 6k1 = 0,

(35) cc~= (qk q

1) —

6k1 = 0,

cc~r= (pkql) — 6k1 = 0.

The constraints

(36) cc~ (p’,p’) + (q’, q
t) —2

areof thefirst class,all othersbelongtothesecondclassinagenericpoint ~ / m
1, k ~

I with nonzeroPoissonbrackets

{cc~, cc~} I~=o= 5ls6kt — 6186kt 1

(37)

{cc~,cc~}I~=o= ..6ks8lLL. — 6kt618±.
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The numberof physicaldegreesof freedomin the genericcaseof distinct m
1 is given

by

2rn— 2r —2 r
2 r — r2 — r = 2r(n— r —1),

which coincideswith the dimensionof a nondegenerateorbit given by dim C—
rankC.

The supplementaryconditionsneededfor thereductionwill betakenin theform

(38) X’—P’n°

TheirPoissonbracketswith the 1-classconstraints

(39) {x’, cck} =

arenonzerofor a genericpoint q~,~ 0.
To perform the reductionlet us first considerthe case ~ = 2 r + 1. Let q~be

the projectionof q’ ontothesubspaceorthogonalto the lastbasicvector, q~form an
r-dimensionalsubspacein theauxiliary spaceandcanbe expandedas

(40) q~= >c’~ek

with respectto somemovingorthogonalframe ek in this subspace;CI1C arerealcoeffi-

cientsconstitutingan r x r matrix C. As in theunitarycasedifferentialsof this matrix

C are absentin a dueto respectto the condition (pt, ek) = 0 = (p’, qj). Hencea

takestheform

(41) a ~~mjcik[(pu,det) —(ek,dpl)].

Thematrix d
1~= m~c”~which appearsin (41)canbewritten as

(42) dtLTm/V,

whereu and v areorthogonalmatricesand m’ is diagonal: m’ = diag(m’,..., m’~).

If wedenote

(43) p~’= up
1, qt’ = vq2,

then

(44) a ~~m~[(p1’,dq2’) —(q”,dp”)].
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and herewecansupposethat rn’1 ~ rn’2 ~ . . . m~.

It is easytoprovethat m~satisfythe condition

m1 > m~> m1~1,
(45)

mr � In~� —mr.

To provethis let us considera symmetricpositivematrix V = ddT with eigenvalues
m’,~.It follows from thedefinitionof C that

(46) ~ c~~c~k= 6” — q,q’~,

whereq, is the lastcomponentof q’ in thefixed basis.Thus

(47) V=M
2—A,

whereM2 is diagonalwith eigenvaluesrn,2 and A is apositivematrix of rank 1 with
matrix elements

(48) A,,. = m
1q,rn5q’~.

This informationis sufficientto statethat [9]

(49) rn,~� rn~
2~ rn~

1 mr..I = 0.

Genericallywecanchoosesuchorthogonalmatricesu and v that all eigenvaluesm~

butonewill bepositive. Thuswe obtainthecondition(45).

Setofvectorsri’, q” form anorthogonalmovingbasisin the 2 r-dimensionalsub-
spaceof the n-dimensionalvectorspace.Weparametrizethesevectorsas follows

pt = ~1coscc~.+~ cc~
(50)

= ~,Sifl ~ ~Cos cc~,

where ~‘, c~’is someneworthonormalbasisin aplane p”, q” with thecondition: ~,I

= 0. Here~ = 0 isthelastcomponentof ~‘ in a fixed basis.In thenewvariables

a takestheform

a >rn~dcc~

(51)

+ ~ _(~“,d~’i)].
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ThesecondterminRHSof(51)looksas(34)withthechangen= 2r+ I i— n= 2r,

where n is dimensionof vectorspace.
Now webriefly discussthecase n= 2 r:

(52) a’ = >m~(~‘,d~’)= ~ ~

here ~ as aboveis the projectionof ~‘ onto thesubspaceorthogonalto thelastbasic
vectorin the 2 r-dimensionalvectorspace.Butnow ~ form an (r — 1)-dimensional

subspacein this spacespannedby orthogonalmoving vectors ~ , ~~‘‘) andthere-
fore

(53) =

Thecoefficient CIJC form an r x (r — 1) rectangularmatrix C. In the ~, è variables
wehave

(54) a’ = ~ rn~atk(~ide~)

Now the matrix d : a1~= m~~c1kcanbe written in the form

=

with It and ~ beingorthogonalmatricesofdimensionr and (r — 1) respectively,and

m” a diagonalmatrix with eigenvalues(rn’~,... , rn~_~, 0). Put

(55) ~ = ~k’ ~ =

Then a’ takesthe form

(56) a’ = ~rn~! (~‘,d~”),

with ~. omitted.
It canbe shownas in the previouscasethat the eigenvaluesof thepositivematrix
= daT satisfyconditions

(57) rn~2� rn~~/2~ m~



404 A. ALEKSEEV Er AL.

andnow all rn~(canbechosenpositive:

(58) rn~�m~’�rn~+i.

Thusafter the secondstepof our descentprocedurewe obtaintheexpression

(59) a = ~m~dcc~ + ~rn~’dcc~ +

andnowthelastterm looksexactlyasin (34) with theonly change r —~ r — 1. We can
repeatour procedureoncemoreand soon. Thenweget theexpressionwe arelooking

for:

(60) a= ~m~dcc~+ ~m~’dcc~+ ...+ m~2rdcc~2~~)

forthecase n= 2r+ I, and

a= ~m~dcc~+ ~m~’dcc~’+ ...+ ~

if n= 2r. Here cc~areanglevariables0 � cc~<2ir and the domainof rn~ is

determinedby our recurrentdescentprocedure

(61) ~ ~ m~~ rn~,

butfor thelastelements,in eachline which satisfy

~ ~ m~~ m~’~I if n—k = 2p+ 1
(k—i) (k) (k—I)m
1 ~ rn~ ~ —m1 if n— k =

2p.

Thisis theclassicalanalogof theGelfand-Zetlintable for the SO(n) algebra.
As in §2, the form (60) definedon thepolyhedron(61) times the torus coincides

with theKirillov form on theorbit with some<<singular>>submanifolddeleted.

3. CALCULATION OFTHE FUNCTIONAL INTEGRAL

After the introductionof convenientcanonicalcoordinateson theorbit thefunctional

integral for the higher rank canbe treatedexactly as that in the introductionfor the

SO(3) case.We introducethemain functional integral in the form

(62) C( {cc’}, {cc”}) f JJ drn~~d~ e~f[m (t)+’i )~~_h(M(t))] dt



QUANTIZATION OF SYMPLECTIC ORBITS 405

wherethehamiltonianh( M) isafunctionontheorbit and ~ k) aresomeconstants;we
integrateoverthephasespacetrajectoriesm~(t), cc~~tlying within theboundaries
(31), (61) for m(t) and —cc< cc(t) <cc; 0 <t <T. Theboundaryconditionsare

givenby

(63) cc~(0)= cc~’,cc~(T)= cc~”(m0d27r).

Alternatively, wecanfix theboundaryconditionscompletelyand averageoverthe cc”
shiftedby anyintegermultiplesof 2 it.

Theconditionof single-valuednessof theactionleadsto intergralorbits whichcor-
respondto thecaseswhentheparametersrn

1 are all integersor half integers. In the

formercasetheaction is single-valuedfor 1çk) = 0. In the lattercaseweareto takeall
1(k) = 1/2.

It is clearthatthefunctionalintegral(62)canbereducedtothefinite-dimensionalone
if thehamiltonianisanyfunctionof rn~ = 0. In particular,thegeneratorsbelongingto

someCartansubgrouparespecificlinearcombinationsof rn-variables.Forthe SU(n)

casetheexplicit formulalooksasfollows [11]

P(k)(rn) = = 0

Thefunctional integral for fixed boundaryconditionis reducedto

(64) G( {cc’}, {cc”}) J’ d rn ~ ~

andtheaveragingoverfinal cc-variablesgives

= ~ G~({p’},{~”+2irn}) =

j(k)

(65)

dim e’~Ii,k[m )+ ~ 6( a,rn)

where 6(a,m) is theperiodic 6-function supportedat all integerpointsfor a~= 0
and atall half-integerpoints for a~= 1/2 This 6-function in the integralallows to
perform the lastintegrationover rn. However,weare to remembertheregularization,

analogousto that in the introduction(8), namelyintegrationover m~ is to be taken

overthedomain

(k+i) (k) (k—i)(66) m1 + � ~ rn ~ m1 — �

withthelimit e—÷0.
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As a resultweshallgetanexpressionof the type

(67) C({cc’}, {cc”}) = ~ ~

wherethesumistakenoverall quantizedGelfand-Zetlintableswith fixed rn
1,... , rn~,

the latter evidently playing the role of the highestweight of the representationcorre-

spondingto theorbit.
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